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Cylindrical Shell with an Axisymmetric Moving Load
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The transient response of a semi-infinite, simply-supported cylindrical shell caused by an axi-
symmetrically engulfing, step pressure wave is investigated. Equations including the effects
of transverse shear deformtion and rotary inertia are used. The rather involved contour inte-
gral solution to the problem is evaluated by means of modified saddle-point methods in
terms of the Fresnel integrals and the integral of the Airy function. As expected, for load
velocities smaller than the shear wave velocity of the shell material, the cylinder response is
found to be analogous to that for an Euler-Bernoulli beam on an elastic foundation. Thus a
load velocity equal to the minimum phase velocity is a "critical" velocity; i.e., the response
increases with the square root of the distance of the load front from the end of the cylinder
and, so, can become of large magnitude for practical problems of long cylinders with little
damping. For the high load velocities, the short wavelength portion of the response is
analogous to that for a Timoshenko beam on an elastic foundation, for which no further
"critical" velocities occur, even at the "shear" and "bar"—'which for the cylinder becomes the
"plate"—-velocities. However, in the long wavelength portion of the response of the cylinder,
the transition from "bending" to axial "membrane" behavior causes the "bar" velocity to
also be critical.

Introduction

PROBLEMS involving the transient response of structures
to moving loads have attracted a number of investigators

who have utilized various approaches. However, for the long
cylinder the direct finite element, finite difference, or modal
superposition numerical methods are not advantageous be-
cause of the localized nature of the transient response.
To take advantage of this nature, the relatively simple
"steady-state" solution, which depends only on the distance
from a moving load discontinuity, has been utilized, as in the
investigations by Jones and Bhuta,1 and Herrmann and
Baker.2 This steady-state solution indicates that unbounded
response occurs at four "critical" load speeds. These are
equal to 1) the speed of disturbance propagation in a flat
plate, 2) the slightly lower speed of propagation in a bar, 3)
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the speed of shear waves, and 4) the substantially lower mini-
mum phase velocity for the cylinder.

In order to understand the significance of the steady-state
solution in general and the actual behavior at the critical load
speeds in particular, the transient response of the semi-infinite
beam on an elastic foundation, which is analogous to the cylin-
der in many respects, was investigated. In Ref. 3, the re-
sponse of the Euler-Bernoulli beam was found to increase with
the square root of the distance of the load discontinuity from
the beam end when the load speed equaled the minimum phase
velocity, which qualifies this load speed to be referred to as
critical. However, in the investigation of the Timoshenko
beam,4 it was found that, although the solution never achieves
a "steady-state," the response to a load moving at the shear
and bar velocities was bounded; so these speeds are not
actually critical.

Thus, with a background of work on the analogous, but con-
siderably simpler beam problems, we come to the present task
of investigating the transient response of the cylinder. In
particular, we seek a resolution to the question of which of the
four speeds, at which the steady-state solution does not exist,
are actually critical load speeds.

Since the high load speeds are of interest, equations includ-
ing the effect of transverse shear deformation and rotary iner-
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tia are used, as in2 and in the investigations by Naghdi and
Cooper.5-6 The straight-forward Fourier integral solution is
modified to contour integrals for which various saddlepoint
methods are applicable. The results are asymptotically valid
when either the time and/or space variable is sufficiently large.
This is of course the region of greatest interest, since the re-
sponse is small near the simply-supported end when the load
first moves on the cylinder. The asymptotic methods used
are : 1) the usual saddlepoint expansion,7 2) the Fresnel inte-
gral solution when a pole of the integrand is near the saddle-
point,8-9 3) the Airy function solution when two saddlepoints
are near each other, discussed in Ref. 9, and 4) a result, ob-
tained in this investigation, in terms of an integral of the Airy
function for the case when two saddlepoints and a pole of any
order are adjacent.

Formulation of the Problem

We consider a cylindrical shell of constant thickness h and
radius a, which is axisymmetrically loaded by a radial pressure
step-load moving with constant velocity VQ in the axial direc-
tion along the shell. The deformations, strains and stresses
of the cylinder are assumed to be symmetric with respect to
the axis of revolution. With the usual assumptions of the
theory of thin shells, the governing equations which include the
effects of transverse shear deformation and rotary inertia may
be written as follows.2-5-6 The equations of equilibrium are

(la)
(Ib)

dM*/dz - Vx = p(/>3/12) [52^/c)Z2 + (l
and the stress-displacement relations are

Nx = [Eh/ (I - vf)][dtt/a& -|- vw/a +

- Ne/a + q

N, = [Eh/ (I - p*)](w/a +
Mx =

Vx = K

(2a)
(2b)
(2c)
(2d)

The quantities NX)Ne are stress resultants in the axial and cir-
cumferential direction, Mx the resultant moment and Vx the
resultant transverse shear force, as shown in Fig. 1. The
axial and radial displacements are u and w; \f/ is the change of
slope of the normal to the middle surface; p, E, G, v are the
mass density, modulus of elasticity, shear modulus, and Pois-
son's ratio. The constant K is given in Refs. 5, 6 as

AC = KiE/G(l - v2) with KI = v (3)

which gives K ' = -f. When v = 0.3. The pressure step-load
is given by

(0
xq(x,t) =^ '' (4)

For a semi-infinite cylindrical shell, which is simply supported
on the finite end, the boundary conditions may be written as

Nx = 0, w = 0, Mx = 0: at x = 0 (5)

With respect to these boundary conditions, it is useful to ex-
press the system of Eqs. (1) and (2) in terms of strains ex, te
and curvature **{

——2 ~~ '

V

a
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r
»•

Fig. 1 Shell geometry.

where the usual expression for axial strain is modified by the
term (/i2/12a)b^/do; and terms of order 7i2/12a2 are neglected
in comparison to 1

HI — vhz/l2a2

1 - A2/12a2
(7)

This system of equations has the same form as the approxi-
mate system of equations of motion for cylindrical shells given
by Naghdi and Cooper.5'6 But it describes both the phase ve-
locities and the ratios of amplitudes of displacements (strains,
curvature) in good agreement with the results found for the
"more exact" equations also discussed in Refs. 5 and 6. When
we replace u, the displacement in the axial direction, by a mod-
ified displacement u*, u* = u + (h2/12a)\//, it is not necessary
to neglect the middle surface strains in the moment resultant
relation Eq. 2 and the terms involving h2/l2a in Eqs. (1) and
(2), as done in Refs. 5 and 6, to evaluate the approximate sys-
tem of equations (II) in Ref. 5. The only necessary simpli-
fication is that given in Eq. (7). When u is replaced by u*,
the differences in the ratios of displacement amplitudes found
in Ref. 5 for the "exact" equations and the approximate sys-
tem of equations do not occur. Next, the following variables

p0€f, v = v0y (8a)
Po = go a(l - v*)/Eh (8b)

po/aicf, p = — g/flo (8c)
are introduced into Eq. (6) to obtain a system of equations in
dimensionless form

x =

t = yar, ey =

dr2
d2

*? o

~ Kl

with the boundary conditions at f = 0

t = 0

where

(10)

-El

12
_ 2

-q

0
1 -

Eh
0

(6)

t For a detailed derivation of these equations see Ref. 12.
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Fig. 2 Phase velocities for an isotropic cylindrical shell
with v = 0.3, */! = 0.3, h/a = 0.02 ( «= 0.9 X 104).

and p the pressure step-load distribution

when
when

> VT
< VT (ID

We assume the cylindrical shell is initially in rest and unde-
formed; thus

= 0 r < 0 (12)

A further simplification, neglecting the effects of transverse
shear deformation and rotary inertia to obtain a system of
equations corresponding to DonnelPs equations, would lead to
a system of differential equations with different order of deriv-
atives with respect to time "T" and space "£." Such a system
is not hyperbolic; so strains, stresses and displacements do not
vanish for points ahead of all the wave fronts.

The system Eq. (8) is uncoupled for v = 0. Then the equa-
tions involving e, and x$ correspond exactly to the equations
for the Timoshenko beam on an elastic foundation investi-
gated in Ref. 4, while the remaining equation gives the axial
motion-identically zero for the present problem.

1.2
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Fig. 3 Group velocities for an isotropic cylindrical shell
with v = 0.3, -,71 = 0.3, h/a = 0.02 (a = 0.9 X 104)-

General Solution

Since the differential system Eq. (9) contains only deriva-
tives of even order and the boundary conditions are of the form
Eq. (10), the Fourier sine transform technique will be used to
determine the strain vector e.

The solution for the transformed strain vector e(s), which is
defined by

(13a)

(13b)

(14)

2 r °°£>T) = — I £(8)(WJT) sin(co
TT J 0

may be written in the form
3

£(«) = V 1

where

b = i r i , _L"
1 o>(mi2 - m2

2)(m3
2 - mi2) L(^)2 - ^i2 ^i2.

[ -v^(a + co2 - mi2) "I
(a + co2 - mi2)(co2 - mi2)

aco2(co2 — mi2) J

and b2, b3 are given by cyclic interchanging of indices 1-3

1
- m3

2]
- t;2)]

[a + co2(l

bo = -bv(v = 0) = (a + co2)co2

Equation (14) satisfies the differential Eq. (9) in transformed
form and the initial condition Eq. (12). The functions mi(co),
m2(o>), m3(co) are three independent roots (the other three are
—mi, — m2, — m3) of the polynomial

m6 - m4[(2 + /c^co2 + (« + !)] +
m2[(2/d + l)w4 + (a + 2 - *>2)co2 + a] -

-co2[Kia)4 + (1 - *>2)a>2 + a(l - z/2)] = 0 (15)

corresponding to a solution for traveling waves in the form5

where the transform variable w is the dimensionless wave num-
ber and m the frequency. Introducing the phase velocities
(m/co)*, (see Ref. 5), Eq. (15) can be reduced to a quadratic
equation in co2 : '

The poles of co2 are at (m/co)2 = 1 and (m/co)2 = KI which give
the "plate" and "shear wave" velocities, respectively. A
zero occurs at

(m/co)2 = 1 - v*

The minimum phase velocity is determined to be

(m/co)2
min = (4(1 - *>Wa)1/2 -

[(1 - v*) + 2Kl]/a + 0(a~3/2) (17)
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Fig. 4 Conformal mapping of the first quadrant of the co
plane on the mi-plane.

that is, at the wave number

(1 — «2 \l/2 I
———— a ) • + —[(! - „*) +

fCi / KI

/ci(l - 2z>2)] + (18)
For positive real values of co, the phase velocities are shown in
Fig. 2. For comparison, the phase velocities for the Timo-
shenko beam on an elastic foundation are plotted as they are
found from Eq. (16) with v = 0 (see also Ref. 4). The Timo-
shenko beam seems to be a useful model describing the dy-
namical behavior of an axisymmetric deformed cylindrical
shell when the wave number co is larger than a1/4. The group
velocities which are defined as (dm/dco)* may be easily ob-
tained for given values of co and (m/co)* by differentiation of
Eq. (16) with respect to co. Figure 3 shows the group velocities
for a cylindrical shell.

Since the inversion Fourier sine integral Eq. (13) will be
shifted to a complex integration contour, the behavior of mi,
ra2, m3, in the complex plane must be clarified. The usual
method of solving the third order polynomial in m2 Eq. (15)
results in an eighth order polynomial of co whose roots are
branchpoints of m (co) .

b)
Fig. 5 Conformal mapping of the first quadrant of the co-

plane on the /no-plane.

This polynomial has four roots of the magnitude co = 0(1),
approximately given by

&i2 = [(1 - ^2)1/2 + ir][l + 0(a-1)];
-612; 512; -612 (19)

and four roots of the magnitude co = 0(a1/2)
/2 + 0(a-1/2)]; -63i (2Qa)

/» + 0(a-1/2)]; -632 (20b)

For the indices k,l in 6^ note that at co = &#

Branchpoints also occur at the zeros of mi(co) (m2(co) and m3(co)
have no zeros) which are approximately evaluated as

1/4

X

-6n; 5n; -Sn (21)
In order to make mi(co), m2(co), and m3(co) single valued in the
complex co-plane and analytic on and near the entire real axis,
the branchcuts are chosen as indicated in Figs. 4a, 5a, and
6b, where the points co = 612 ; &n; feu;, bn are denoted by
C,F,H,I, respectively. Figures 4b, 5b, and 6b show the
mapping of the first quadrant of the co-plane on the mi, m2,
m3 planes, respectively. The following relations may be used
to obtain the behavior for other co :

mi(—co) = —mi(co); mi(co) = mi(co)
m2(—co) = m2(co); m2(co) = m2(co)
m3(—co) = m3(co); m3(co) = m3(co)

where the bar denotes the complex conjugate.
For |co| » al/2 and |arg co| < n/2 the behavior is

1

(22a)
(22b)
(22c)

mi KI 1/2 (

(^^(l-.i)-

[(c.+ D-^Jco- + 0[co- (23a)

Fig. 6 Conformal mapping of the first quadrant of the co-
plane on the m3-plane.
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Fig. 7 Loci of poles in the
co-plane.

co {1
1

2(1 - id)

co{l + 0[co~4]}

[(« + 1) -

b)

(23b)

- *>2)]co-2-f 0[co-4] (23c)

Respectively, the relations

mi ~ (1 - ?»)i/*a>{l - (»2/2)co2 + 0[co4]} (24a)

w2 — 1 + i["2/2 - K/ (a - l)]co2 + 0[co4] (24b)

m3 - a1/2 + £[(1 + KI) + *i/(« ~ 1)] X

describe the behavior m(co) for values |co <<c a~l/2 and |arg co|
< 7T/2. To perform the integration indicated in Eq. (13) , it is
necessary to determine the loci of poles of the functions b*
(co), bv(co), bo(co) given in Eq. (14). The integral

2 f»
eo = — I b0 sin(co£)dco

7T «JO
(25)

are indicated for different load velocities in Fig. 7. Both of
the roots coi and co2 are, for small values of t;2, zeros of (cot;)2 —
mi2. They are at coi = bn for t;2 = 0, then become real for v
equal to the minimum phase velocity given in Eq. (17). For v
= (m/co)min, bv has two second-order poles located at coi( = co2)
and — coi. With increasing load velocity v, coi is shifted to
higher real values and coi -» co as t;2 -»• KI, the "shear" velocity.
For v2 > KI, co! is on the positive imaginary axis. At t;2 ~
Ki1/2, coi passes through the branchpoint 63i (denoted by I in
Fig. 7) to become a zero of (cot;)2 — ra3

2. With further in-
creasing v, coi -> oo as v2 -> 1, the "plate" velocity and jumps
back to the real axis for values t;2 > 1. Finally, coi -> 0 as v -*
co. Thezeroco2-*0ast;2-^(l - v2}. Fort;2 = (1 - v2),bv

has a third-order pole at co = 0. For t;2 > 1 — v2, co2 becomes
positive imaginary. At v2 ~ 1 — v2 + v*. . ., co2 crosses the
branch cut (denoted by BID in Fig. 7) to become a zero of
(coz>)2 — m2

2. Then co2 ->• i » as v2 -*• 1, and jumps back to the
real axis for v2 > 1. Finally, co2 -> 0 as v2 -> ».

The inversion integral Eq. (13) may be extended over the
entire real axis

represents the solution for a semi-infinite cylindrical shell
loaded by a uniform static pressure. The function b0(co) has
poles at the zeros of

Wi*m2amsa = 0
which are co = 0; &n; — 6n; — 5nj — 5n. The contribution
resulting from b0 is easily found by residue theory to be

1 /*-f°°e = — I e(t) sin(co£)dco
7T J — °°

(27)

E(0) =

because e(t) (-co) = — e(4)(co).
Since the poles of bi, b2, b3, bv, b0 cancel another, the integra-

tion path is shifted from the real axis to a contour 71 as indi-
cated in Fig. 4a. If the integrand of Eq. (27) is written in ex-
ponential form, the contribution resulting from the terms with
bv, b0 can be evaluated directly with aid of Jordan's Lemma
and the Cauchy theorem. Using the fact

(26)

k - 2,3
where m&(co) is an even function of co and 71 the contour conju-
gate to 71, and the relation

The denominator of bv(co) is a polynomial of co

- m3 =
u{(v* - 1)V - /d)co4 - (v2 - 1) [(a + l)v2 -

(1 - *>2)]co2 + a(v2 - (1 - v2}}} =

wherein /(co),gr(co) have the behavior /(co) = /(co),0(co) = §(<*)>
the inversion integral Eq. (27) is reduced to the form

= R -

2,3
(28)

and has the roots co! ; -coi; co2; -co2 and co0 = (X Their loci
where yk the integration contour as indicated in Figs. 4a, 5a,
and 6a.
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For points behind the load front (VT > £), R has the form

for v2 < KI and v2 > 1 (29a)

for KI < v2 < 1 - v2 + i>4 . . . (29b)

R3 for z;2 < 1

l/(co R31

for ^2 > 1 (34c)
where

(35)

for 1 - v2 + j>4 . . . < v2 < 1 (29c)

and for points in front of the load discontinuity

R(vr < Q = R(vr > Q + n[e*w'(l>T"€) + e-i(*l(VT-® -

+
i r -" i

_ ———— -± ————— - 1 _ 02
.2 - (1 - V2) [ Q J

(30)

where e0 is given in Eq. (26). The expressions ri, r2 are the
residues of br at co = coi,co2, respectively

!

— lim (co T coi)bi for v2 < KI
co—>-±coi

— lim (co =F coi)b3 for v2 >
CO—*± —CO!

1/2

and ri,r2 are given by Eqs. (31) and (32). Then, the re-
mainder terms RM are analytic on the real axis and their inte-
grals may be easily evaluated by the method of stationary
phase.7-8

Since the saddlepoints of the integrand

are always far away from the pole on the real axis in the lower
co-half-plane, the contour 71 is shifted to the path of steepest
descent without passing the pole. Its integral is

'OCr-1'2) (36)

+ . . .
2 + . . .

- co2

and

r2 = lim (co
- lim (co =F co2)bi for v* <

to-^-±e«>2

- lim (co =F co2)b2 for v2 >

1 - v2 + v*. . .

1 — ̂ 2 + v*. . .

(31)

- v2 - n (32)

For points on the shell ahead of the "plate" velocity front
(J > r) the integrals in Eq. (28) can be evaluated exactly by
shifting the integration contour to the lower half circle of the
co-plane and using Jordan's Lemma;

0 for £ > VT

•• - d --41 o X

{l — cosco2(vr — £)} — 2ri[coscoi(z;r — £) —
cosco2(ur — £)] for VT > % (33

Asymptotic Evaluation

The integrals given in Eq. (28) cannot be evaluated in closed
form, except for points ahead of the plate velocity £/r > 1
where the three integrals vanish. In the following, an asymp-
totic representation as r -> oo will be obtained using methods
discussed by Felsen and Marcuvitz9 and utilized for the beam
with a moving load in Refs.3 > 4 First, the integrand is given a
partial-fraction decomposition for each pole on the real axis

RII for v2 < (m/co)minand v2 > 1 — v

) — coi) + l/(co + coi)] —
r2[l/(co — co2) + l/(co + co2)] + RJ2

for (m/co)min < v2 < KI

-r2[l/(co - co2) + l/(co + co2)] + R13

for KI < v2 < 1 - v2 (34a)
for v2 < 1

For very thin shells (h/a <£ 0.02)(dmi/dco)min can be smaller
than zero. Then the integrand has two saddlepoints on the
real axis when £/r < [(bmi/dco)min] and the asymptotic be-
havior may be evaluated in an analogous way as given for the
integral type e«»i *—«*>. The integrands ei(m™T-«®du/
(co — co0) have one saddlepoint cos on the real positive axis,
given by (dm2,3/dco — £/r)cos = 0. So the integral is trans-
formed to the saddlepoint variable u where

w(co) = [(m2)3r — co£) — (w2,3r — co£)cos]1/2

- [
CO — COo J U — U((JI)Q)

u) = {[u — w(co0)]/(co —
where

When the pole co0 is far away from the saddlepoint g(u)/[u —
M(COO) ] is regular near u = 0 and can be expanded into a power
series

= r0(l/co)

[g(u)/u -

Thus, the first-order term of the asymptotic expansion is

(a> - wo)] ~ Ofr-1/2) (38)

b2

R2i

— r2[l/co — co2 + 1/co + co2] + R2

for v2 > 1 (34b)

When co0 is close to cos, g(u) is regular in the vicinity u = 0,
and can be expanded into a power series

g(u) = g(u0) + g'(u0)(u - u0) + . . .
and the asymptotic behavior is represented by

(co - coo)] ~ 27riV'wo(^-^)/[w(COo)] (39)
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where 72,3 is a contour passing below the pole at co0 and
I [u(vd) ], is the error function as utilized in Ref. 5

e~iu*du

The integrand e*(miT~w)/(w - co0) has 1) two separated first-
order saddlepoints in the upper co-half plane when £/r <
(drai/dco)min; 2) two separated first-order saddlepoints on the
real axis and two neighboring saddlepoints near the origin
when (drai/dco)min < £/r < ?ci1/2; 3) two neighboring saddle-
points near the origin when £/r > Ki1/2. The integration along
the paths indicated in Fig. 8 is performed by considering the
contribution to the integral from the portion of the contour
near the saddlepoints. The solid lines denote the paths of
steepest descent. The evaluation of the asymptotic behavior
for case 1 is analogous to that given in Eq. (36), because the
saddlepoints are far away from the pole on the real axis. The
contribution to the integral resulting from the two separated
saddlepoints in case 2 can be obtained using Eqs. (38) and
(39).

The steepest descent procedure utilized to evaluate the inte-
grals with a separated saddlepoint is no longer applicable when
two saddlepoints are sufficiently close to one another, case 2
and 3. Then the integral is transformed to an Airy function
type of integral whose integrand also contains two saddle-
points

where

and

"—"= f / x 0(0dt (40)co — co0 J T — r(coo)

g(t) = \t -

x = [f(mi - cof/r^P/V/3 (41)
In the region of interest (drai/dco)min < £ IT < 1, x is real and

x > 0 when (dm/dco)min < £/r < (1 - *>2)1/2

x < 0 when f/r > (1 - *>2)1/2

When the pole co0 is not close to the origin co = t = 0, [g(t)/
t - J(co0)] is regular near t = 0 and can be expanded into a
power series and the first-order approximation gives

rr

(42)

When the pole co0 is near co = 0, 0(0 is regular near co = co0 and
can be expanded into a power series

9® = gr[t(<*o)][t -
Introducing the power series expansion into Eq. (40) the inte-
gral has the first-order term approximation

eo - co0)] (43)

where the evaluation of (ra)[a;,£(coo)i is performed in the Ap-
pendix. F is a contour passing below the pole at co0. When

With the aid of Eqs. (36, 38, 39, 42, 43) the contribution of
each integral term to e is evaluated and a first-order term ap-
proximation can be obtained. Introducing the following
abbreviations
A (cofc) = 0 for coSj2 < co*

= (Her* X

(44)

/ [et«fc(rr-€) + e-io,k(vr-

\ [6»«fc(rr- 0 + e -ixk(vr-

Fig. 8 Integration contour lines for different £/r.

where u(uk) = [uk(vr — Q — (WIT — «£)a?,i2]1/2, r^ is given in
Eqs. (31) and (3)

B («„-,«*) = -2(Rer* X
«ft(»r-« for
«fc(irr- ft/ [^(0,^^ ]

0 for cosj > Co

where ^(cos;-,co) = [uk(vT — £) — (

v ' ( ! -„*)[„»-a- ,*
the solution is

R(t;r < f) +

R
11

for ̂  = Q(cO^) (45)

j = 2,3 and

1 [1 - ff(i)(»)] (46)
0 J

for f/T < w

for t; < ?/r2(dm1/dco)min

for f/r > (dwi/dw)mia (47)

when z;2 < (mi/co)2
min R(^r > £),R(vr < f) and ^ are given in

Eqs. (29), (30) and (42), respectively. Aside from the last
term D(z), the solution is identical with that found for the
Timoshenko beam on elastic foundation.4 Since the coefficient
of D(a:)

{t;V(l - *>2)b2 - (1 - i> 2 ) ]} < [4(1 - j;2)Kl/a]i/2 « i

the influence of that term on e is negligible in comparison with
R(vr < f) which is 0(1). When (m/co)min < ^2 < KI the poles
at co = icoa—as indicated in Fig. 9a—are still far away from
the origin. Thus the solution is

R(^r > £) + 0(T~^8) for £/T < (dmi/dco)min (48a)

R(e;r > f) + A(cox) + A(co2) + D(x) + O^-1/3)
for (dmi/dco)min < {/r < t; (48b)

R(^r < f) + A(coO + A(co2) + D(x) + 0(r~1/3)
for £/V > v (48c)

Since D(») is still small in comparison with "R(vr > J), R(^r
< £) the solution for the Timoshenko beam would be a useful
approximation for the cylindrical shell.

For load velocities KI < v2 < 1 — v2 the poles on the real axis
are at co = 0, ±co2. As the velocity increases, co2 becomes a
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b)

pole near the origin (Fig. 9b) . Thus the solution is

R(vr > 0 + OCr-1/2) for £/Y < (dm/dco)min

ROr > f) + C(co2) + D(s) + GO-1/3)
£ = for (dra/dco)min < f/r < v

(^r < {) + C(co2) + D(s) + Ofr-1")
for f/r > t; (49)

where

C(co2) = (Re r2 {e^^-S) - 0(1) [s,$(a>2) ] +

with
(1 _ ,,2)1/2 _ t/T

——

and 6r(D [x,t(u0) ] as defined in the Appendix. The term
which is characteristic for the cylindrical shell becomes the
dominant part of the solution as v approaches the "bar"
velocity, v2 -* (1 - v*). For (1 - j>2) < v2 < 1 the only pole
on the real axis is at co = 0, so the solution is

> f) + (Kr-1/3) for f/r < (5wi/dw)min

> £) + D(aO + GO-1/3)
for (dmi/dco)min < £/r < i; (50)

< f) + D(s) + GO-1/') for £/r > i;

For v% > 1 the poles at ±coi, ±co2 are again on the real axis,
and the solution is

f) + B(covco2) -f

f)

for {/r < (5mi/dco)min

for wmin < f/r < 1

(51)R* for f/r > 1

where R* is given in Eq. (33).

The boundary velocity between the different regions of load
velocities, whose solutions are given in Eqs. (47-51), are the
so-called critical velocities for which the steady-state solu-
tion1-2 gives an unbounded response of the shell.

The velocities are

CO /min x
minimum phase velocity)

Fig. 9 Loci of
saddlepoints and
poles for different

load velocities.

3) v
4) v

(1 - *>2)1/2 (bar velocity)

1 (plate velocity)
For case 1, when v is equal to the minimum phase velocity,

the inversion integral has two second-order poles at w = ±wi,
±co2, which are on the real axis

co!- {[(1 - Vs)

and zeros of mi2 — (coiz;)2 = 0. The solution is

c = — —2r

where

I 1 -
Jyi |(co — (co + coi)

}
J X

(52)

T -p[(l - t;2)co!2 + a] "I
S (X ~ ^W ~ ^"i1 + «]- »2) L a(1 _ ,w J

If -
4 L(l - ^2

— v
1

2) v = /c j / 2 (shear velocity)

Since these poles are far away from the neighboring two
saddlepoints near the origin, the asymptotic representation of
the inversion integral can be obtained in a way similar to that
given in Ref. 4 for the Timoshenko beam. The result is the
behavior e ~ 0(r1/2) for points near the load front. Thus t
increases with the square root of the distance of the load front
from the end of the shell. Therefore, v = (wi/co)min is a
"critical" velocity, in that it can cause a large amplitude of re-
sponse in a long shell.

For cases II and IV, for load velocities equal to the shear
velocity v = Ki1/2 or the "plate" velocity v = 1, the inversion
integral has simple poles at infinity. As indicated in Ref. 4
the solution e remains 0(1) as v reaches these velocities. Since
the solution is bounded v = Ki1/2 and v = 1 are not actually
critical velocities, even though a steady-state solution does not
exist.

For case III, when the load velocity v is equal to the bar
velocity v = (1 — vz) 1/2, the integrand of the inversic n integral
has a third pole at zero and two simple poles on the imaginary
axis at

co = ±coi, where coi = i[a(l — ^2)/(l — v2 — /ci)^2]1/2

As described in the preceding section, the integration contour
is shifted to a contour 71 passing below the pole at zero. Then

l 2]
2,3
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where

2a(l -

_«(!*- v*)} '

" -KIP "1
W* [2 - e*"<»-

4. COST for £/r < v

r+€) _ ,,-

and bi, b2 are given a partial-fraction decomposition for the
poles at zero

[0"
1
oj

COST — -^ X
Li

" 1"

V
1
0

(vr = 0s for £/r :> t; (53)

'

1
1 - V*

1
v

1
0

1
CO3

r — KI^

L «(1 - ^2)

1
X

Then

and
9(0) = a,-*, 0'(0) =

do)

= 0

- dt + 0(r~1/3)

The evaluation of

(54)
is performed in the Appendix. Then the asymptotic behavior
of e fort;2 = 1 - v2is

t =

- v*) + CKr"1'2) for £/r

„»)]*/•
2(1 - v* 1

0

2/3
2c2z
2c2x

for f/r < v
for f/r > v

(55)

0 for f /r > 1

Since Ri,R2,b3 are regular on the real axis, their integrals can
be evaluated as performed before. The third-order pole at
zero lies between two neighboring saddlepoints when £/T
> (dmi/dco)min. Therefore, the integral is transformed to an
Airy function type of integral

'^^ du = f/^^ g(t)dt

with x as given in Eq. (41).
Since x is real in the region of interest, the function

is regular near o> = t = 0 and can be expanded into a power
series

0(0 = 0(0) + g'(0)t + g"(tyt*/2 + . . .

when co2«: 1, mi was the behavior

where

X = {(1 - L2)1/2 - - Z,2)l/2]l/3}T 2/3

and

where

co = ait + a^t3 +

Oil (1 _ ^1/1 _ f/r
r-l/8

Thus the solution increases with r2/3 in the near vicinity of
the load front. Since r is proportional to the distance of the
load front from the end of the shell, the amplitude of the strain
vector e near the load front can become large for long shells.
So, t>2 = 1 — *>2 is a critical velocity. The solution is well be-
haved away from the load discontinuity.

Closure

After coming through all the preceding mathematical
manipulation, we see that the most interesting features, from
the viewpoint of a design engineer, can be described rather
simply. There are two critical speeds; one equal to the bar
velocity (E/p)1/2 and the other much lower [3(1 - z/2)]"174

(h/a) 1/2(E/p) 1/2 (Fig. 10) . For load speeds less than the lower
critical velocity, the static solution is reasonably good; for
load speeds greater than the bar velocity, the cylinder is, es-
sentially instantaneously loaded so the maximum stresses are
roughly twice those of the static solution. The dynamic am-
plification factor of about two also holds for speeds between the
two critical speeds. At the lower critical speed the response
increases with the distance the load travels along the cylinder,
giving a dynamic amplification factor of about 0.3
[z/(a/01/2]1/2. Thus, for shells whose length is much greater
than the "edge zone" of the static bending solution, a load
moving at or near the lower critical velocity can produce a re-
sponse much larger than the static solution (Fig. 11).

For the load moving at the bar velocity, the dynamic am-
plification factor also increases with the distance and is about,
for v = 0.3, 0.17(z/a)2/3. This critical velocity will therefore
be important only for cylinders whose length is large in com-
parison with the radius (Fig. 11).
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t-V(E/9)''2

LO-

0.8

0.6

high critical velocity (bar velocity)

low critical veloci" ity 1 — ! — = \y \ 3d -v2 j ;

Then

1000

Fig. 10 Critical load velocities.

It may be of interest that, following the lines of the prelim-
inary investigation given in Ref. 11 of load speeds which vary
as the load moves along the shell, it appears that all four of the
speeds at which no steady-state solution exists may be impor-
tant. Caustics, which are region of stress intensification, form
when the load accelerates through the minimum phase velocity
and through the plate velocity. For a declerating load, how-
ever, caustics form when the load speed equals the "bar" and
shear velocities. But, since the constant speed load moving at
the shear or plate velocities does not cause particular trouble,
one would expect the most severe stresses at the point where
the load either accelerates through the minimum phase
velocity, or decelerates through the bar velocity.

Appendix

Consider the integral

/r

where x, co0 are real constants and F is a contour from — oo to
+ °° passing below the pole at co = co0. The integrand has two
saddlepoints

- co3/3) = 0 at w.

A : Amplification Factor
resulting from the higher order pole

Fig. 11 Dynamic amplification factor for the critical load
velocities.

-ixw>\ /• / T CO3"!)
—— = * J r exp {M ^fa ~ wo) — ir r do) =

27ri-e-ix«o^[_a;]
and

= 2iri e-io>oSAi[-s]ds

where Ai'(#) denotes the Airy function.10 For the special
case coo = 0 integral G(i)(x}0) can be evaluated exactly

„ , . 0 . ( 1 fx A r , )
^d)W = 2^ j — + I A ^ [ — s ] d s \

^ o •/ 0 I

From Ref. 10, G(D(X) has the behavior for real values of x

~1 for»»l

1 C9—— _l_ /»./>• -t. —— ̂ 2 _l_
Gk(x) y + ^a; + ~- ic2 + . . . for |x| « 1

_2_
3

for a: « — 1

as indicated in Fig. 12. The constants Ci,c2, are
Cl = [l/32/T(2/3)] = 0.35503
C2 = [l/31/T(l/3)] = 0.25882

The maximum value of Gi(x) is approximately given by

1 + ̂ =1.3

at x ( 9 \2/3

f,) =2.32

In the following the same type of integral as G(D(X,UQ) but con-
taining a third-order pole at co0 will be evaluated

Since

the integral (7(3) can be written in the form

Gf
(8)(a;,eoo) = -id f* (x - s)2 ei(x-s^°Ai[-s]ds

J — oo

and for co0 = 0

GW(X) = — iri I (x — s)2Ai[—s]ds
J — CO

Using the differential equation defining the Airy function

Ai"(-s) + sAi(-s) = 0

1/3 ;

-6.0 -4.0 -2.0 0 2.0 4.0 6.0 S.O 10.0

X
Fig. 12 The function (l/2r)Ga)(*).
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Fig. 13 The
function G*$)(x).

GW(X) can be evaluated directly

G<n(x) = — iri\x2 I X Ai[—s]ds — xAi'[—x] + Ai\—:
( . / — o o

and has the behavior

x2 + 27i-]/2z-1/4 cos[fz3/2 + 7T/4] for x » 1

G(a)(x) ~ —iri ci + 2c%x + ^2/3 + . . . for \x\ <C 1
^-1/2(^^-1/4 exp[_|(_a,)3/2] for ^ « _ i

We define the function

t-G(8)(aO/7ri fora: < 0
Its behavior is shown in Fig. 13. The maximum value of
GW*(X) is approximately given by

max[£(3)*(z)] + |c2 « 0.455 at fc2 0.388
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